Abstract. We prove that there are finitely many families, up to isomorphism in codimension one, of elliptic Calabi-Yau manifolds Y → X with a section, provided that dim(Y ) ≤ 5 and X is not of product-type. As a consequence, we obtain that there are finitely many possibilities for the Hodge diamond of such manifolds. The result follows from log birational boundedness of klt pairs (X, ∆) with K X + ∆ numerically trivial and not of product-type, in dimension at most 4.
Introduction
Smooth varieties with trivial canonical bundle constitute one of the fundamental building blocks in the birational classification of algebraic varieties. Hence, it is an important problem to understand their possible algebraic and topological structures. By a well-known result of Beauville and Bogomolov [Bea83] , every smooth variety with trivial canonical bundle can be decomposed -after a finite étale cover -as a product of abelian, hyperkähler or Calabi-Yau varieties. A smooth projective variety Y with trivial canonical bundle is Calabi-Yau if it is simply connected and
While we have a clear understanding of the algebraic and topological structures of abelian varieties, the situation is far from being settled in the other two cases. In dimension two, Calabi-Yau surfaces are so-called K3 surfaces and they admit a unique topological model, though in order to show this one has to take into account non-projective models. In higher dimension this problem is widely open and moreover in this case Calabi-Yau varieties are always projective. This paper is motivated by the more general problem of understanding if there are finitely many families of Calabi-Yau varieties of fixed dimension n ≥ 3. In particular, we focus on the class of those Calabi-Yau varieties admitting an elliptic fibration, i.e. a projective morphism with connected fibers, whose general fiber is one-dimensional. This class of varieties has already been understood in dimension ≤ 3 and it is of particular interest for its applications in theoretical physics, as we explain below.
Note that in dimension 2, the above question has a negative answer, since there are infinitely many algebraic families of projective elliptic K3 surfaces. Surprisingly, this seems to be a behaviour peculiar to surfaces only and in fact M. Gross proved that there are indeed finitely many families, up to birational equivalence, of CalabiYau threefolds possessing a non-isotrivial elliptic fibration over a rational base, see [Gro94] . If the base of the fibration is not rational, then it is an Enriques surface and the total space behaves like a product, the fibration being birationally isotrivial. In particular, the problem can be split into studying the boundedness of those surfaces that appear as bases of elliptic fibrations together with the study of elliptic curves defined over the function field of the possible bases. A similar behaviour is expected to hold in higher dimension.
The main result of this paper is a generalization of Gross' theorem to elliptic Calabi-Yau manifolds in dimension 4 and 5 admitting a section. Theorem 1.1. Let n ≤ 5 be an integer. Then there are finitely many families, up to isomorphism in codimension one, of elliptic fibrations Y → X such that
(1) Y is a Calabi-Yau variety of dimension n, (2) X is not of product-type, (3) there exists a section X → Y .
The condition that X be not of product-type should be thought as an analogue of the non-isotriviality required in Gross' theorem . For a precise definition we refer the reader to Definition 2.18. We expect the result to be true even without the assumption on the existence of a section. On the other hand, our proof heavily relies on the the existence of a section to produce a suitable ample divisor on the total space. Theorem 1.1, combined with results from motivic integration, implies uniform boundedness of Hodge numbers for such Calabi-Yau varieties. Corollary 1.2. Let n ≤ 5 be an integer. Then there exists a positive integer M n such that h p,q (Y ) ≤ M n for any p, q and any Y as in Theorem 1.1.
Elliptic Calabi-Yau fourfolds with a section seem to be the most relevant in Ftheory and bounding their Hodge numbers is a central problem in string theory, see for example [TW15] .
The key ingredient in the proof of Theorem 1.1 is a boundedness statement for the bases of elliptic fibrations. If Y has an elliptic fibration Y → X then by a generalized version of Kodaira's canonical bundle formula, X carries a structure of Calabi-Yau pair, which means that there exists an effective divisor ∆ such that (X, ∆) is klt and K X +∆ is numerically trivial. In order to understand boundedness of elliptic Calabi-Yau varieties, we first need to understand if Calabi-Yau pairs appearing as bases of such fibrations indeed belong to a bounded family. One crucial observation is that we have some control on the coefficients of ∆, as it was already clear to Kodaira: indeed the coefficients vary in a finite set, which is the first fundamental hint and step towards boundedness, cf. Section 2.3.
Let us notice that the set of threefolds of the form S × P 1 , where S is a K3 surface, forms an unbounded family of Calabi-Yau pairs. On the other hand, by a theorem of Kollár and Larsen in [KL09] , bases of elliptic Calabi-Yau which are not a product are rationally connected and so such examples do not occur in our setting. Moreover, it seems that those are and should be the only examples where boundedness does not hold.
The main result of this paper confirms this expectation at least in dimension at most 4. (1) X is a projective variety of dimension n, (2) (X, ∆) is klt with coefficients of ∆ in I and ∆ = 0, (3) K X + ∆ is numerically trivial, and (4) (X, ∆) is not of product-type forms a log birational bounded family.
More precisely, there exists a bounded family of Calabi-Yau pairs D ′ such that each pair in D is isomorphic in codimension 1 to a pair in D ′ .
The condition that (X, ∆) is not of product-type is necessary to avoid the above mentioned examples. We can show that such condition can be characterized by studying possible outcomes of runs of the Minimal Model Program (MMP), as shown in Theorem 1.8. Roughly speaking, (X, ∆) is of product-type if a run of the MMP ends with a birationally isotrivial fibration. Let us also point out that the condition on the klt-ness of (X, ∆) cannot be relaxed as shown in Example 1.11.
An immediate corollary of what we have proven so far is the birational boundedness of bases of elliptic Calabi-Yau varieties in low dimension. We already saw that is a fundamental step in the proof of 1.1. Corollary 1.4. Let n ≤ 5 be an integer. Then there are finitely many families of bases X, up to birational equivalence, of elliptically fibrations Y → X such that (1) Y is a Calabi-Yau variety of dimension n, (2) X is not of product-type.
Combining the previous results we get. (1) Y is a smooth projective variety of dimension n, (2) there exists an elliptic fibration Y → X, (3) X is not of product type, and (4) K Y is numerically trivial,
Similarly, Theorem 1.3 implies uniform boundedness of the Picard number and effective non-vanishing of the plurigenera of Calabi-Yau pairs. Corollary 1.6. Fix a positive integer n ≤ 4 and a finite set I ⊂ [0, 1] ∩ Q. Then there are integers ρ and m 0 depending from n and I such that for any (X, ∆) as in Theorem 1.3, we have ρ(X) ≤ ρ and h 0 (X, O X (m(K X + ∆))) = 0 for any m divisible by m 0 .
All of the statements illustrated so far follow from the main technical result of this paper, Theorem 1.9. Roughly speaking, this result says that a family of Calabi-Yau pairs is bounded if each pair is endowed with a Mori fibration whose base also varies in a bounded family. It is not hard to see, thanks to standard results in the MMP ( [BCHM10] ), that given a Calabi-Yau pair it is always possible to pass to a birational one that is endowed with a Mori fibration. Hence, in view of such result, the original buondedness problem for Calabi-Yau pairs is turned into a boundedness problem for the bases of Mori fibrations for which the total admits a Calabi-Yau pair structure. The bases of such fibrations are, in turn, Calabi-Yau pairs, although we lack control on the coefficients of the possible boundaries.
Theorem 1.9 holds in any dimension and hence might constitute a possible inductive step in the generalization of this paper's main results to dimension greater than 5. In fact, it is not unreasonable to expect that the approach we carried out to prove Theorem 1.3 extends in higher dimension. Indeed, this holds true automatically, if we assume a well known conjecture in birational geometry: after Birkar (1) (X, ∆) is a n-dimensional klt pair, (2) there exists a contraction morphism f : X → Y with dim(Y ) = n − 1, (3) ∆ is relatively big with coefficients in I, (4) K X + ∆ is numerically trivial, and (5) f has maximal variation, forms a bounded family.
Intuitively, f has maximal variation if the image of the rational map from the base of the fibration to the moduli space of the fibres (F, ∆ F ) has maximal dimension. In particular, the moduli part in the canonical bundle formula is a big divisor. See §2.4 for more details.
Let us conclude with a remark. In all statements of this Introduction, the assumption on the existence of a finite set in which the coefficients for the divisor ∆ may vary could be weakened to the existence of a set of coefficients satisfying the descending chain condition, see §2 for the definition. This is a now standard reduction in view of the fundamental results of [HMX14] . In particular, all the results of this paper work in this more general setting and their proofs will be carried out accordingly.
1.1. Strategy of the proof. The proof of Theorem 1.3 consists of three main steps. The first two steps work in any dimension and only to complete the final one we need to impose extra conditions on the dimension of the Calabi-Yau pairs.
The first step is to characterize for which Calabi-Yau pairs we can run a suitable minimal model that allows us to adopt an inductive strategy of proof. This is done by deriving the following structure theorem for Calabi-Yau pairs. 
Once we are in this framework, we wish to prove that the set of Calabi-Yau pairs endowed with a Mori fibre space structure where the base belongs to a bounded family is also bounded. That is infact our second step. (1) (X, ∆) is a n-dimensional klt pair, (2) the coefficients of ∆ belong to I, Let us note that the previous theorem fails without the kltness assumption. For example, Hirzebruch surfaces give an example of an unbounded family of log canonical Calabi-Yau pairs admitting Mori fibre space structures over P 1 . Hence, in these hypotheses, we cannot admit singularities worse than klt, as shown in Example 1.11. In the case of threefolds, a similar boundedness result has been obtained by Jiang in [Jia15] under slightly different assumptions.
The final step is to run induction on the number of factors appearing in Theorem 1.8. The base case can be done in any dimension using BAB, proved for surfaces by Alexeev in [Ale94] and in general by Birkar [Bir16a] . (1) (X, ∆) is a n-dimensional klt pair, (2) the coefficients of ∆ belong to I,
there exists a Mori fibre space structure f : X → Y on X with Y Fano, forms a bounded family.
Unfortunately, the final inductive step in the proof of Theorem 1.3 can be carried out only in low dimension. The main issue here arises when the tower of Mori fibre spaces constructed in Theorem 1.8 contains at least two morphisms, the first one having fibers of dimension > 1. In this case we are not able to conclude that the intermediate varieties appearing in the tower carry a structure of CalabiYau pair with DCC coefficients -which would allow us to run induction. As the Effective Base Point Freeness Conjecture has been verified for morphisms of relative dimension 1 by Prokhorov-Shokurov in [PS09] , this does not constitute an issue in dimension up to 4.
Let us conclude this section by showing that Theorem 1.3 cannot be generalized to log canonical pairs. Example 1.11. Let X = F e be the e-th Hirzebruch surface and let ∆ = i≥0 δ i ∆ i be an effective divisor such that K X + ∆ ≡ 0. We can assume that ∆ 0 = δ 0 C 0 , where C 0 is the zero section. By [Har77, Prop. V.2.20], for i ≥ 1, we have that ∆ i ≡ a i C 0 + b i f with a i ≥ 0 and b i ≥ a i e, where f is the generic fibre. The Calabi-Yau condition implies that
In particular, (1 − δ 0 )e ≤ 2. If we allow δ 0 to be 1, the family of Hirzebruch surfaces is an unbounded family of Calabi-Yau pairs with lc singularities. On the other hand, if we impose that δ 0 is uniformly bounded away from 1, the family is bounded. Let us notice that we are only requiring that (X, ∆) is klt along the generic fiber and as we will see later, this is a very important property for our strategy, cf. §4.
In the last section of the paper we propose a slightly different approach that potentially can be generalized to any dimension. In order to avoid the effective base point freeness conjecture we use generalized pairs. We deduce a suitable generalization of Calabi-Yau pairs are log birationally bounded, see Theorem 7.1. This can be thought as a first step towards birational boundedness of Calabi-Yau pairs in arbitrary dimension.
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Preliminaries
Let I ⊂ R be a subset of the real numbers. We say that I satisfies the descending (resp. ascending) chain condition, in short DCC (ACC), if any non-increasing (nondecreasing) subsequence of numbers in I is eventually constant.
Minimal model program.
We follow the notation and definitions used in [KM98] . Moreover, we will make use of the Minimal Model Program (MMP, in short) only for varieties with non pseudo-effective canonical class. In this case, the existence and termination of the MMP has been established by Birkar-CasciniHacon-M c Kernan.
Theorem 2.1. [BCHM10, Cor. 1.3.3] Let (X, ∆) be a Q-factorial klt pair. Assume K X + ∆ is not pseudo-effective. Then we may run a (K X + ∆)-MMP g : X Y and that terminates with a Mori fibre space f : Y → Z.
Let us recall the definition of Mori fibre space.
Definition 2.2. Let (X, ∆) be a klt pair and f : X → Z be a projective morphism of normal varieties with dim(Z) < dim(X) and
f is a primitive contraction, i.e. the relative Picard number ρ(X/Z) = 1 and
2.2. Boundedness of pairs. We recall some definitions and results mainly from [HMX14] . Definition 2.3. A set D of log pairs is bounded if there exists a pair (Z, B), and a projective morphism f : Z → T with T of finite type, such that any (X, ∆) ∈ D is isomorphic to the fiber (Z t , B t ) of f for some closed point t ∈ T .
A set D of log pairs is log birationally bounded if there exists a pair (Z, B), where the coefficients of B are all 1, and a projective morphism f : Z → T with T of finite type, such that for any (X, ∆) ∈ D, there exists a closed point t ∈ T and a birational map g : Z t X such that the support of B t contains the support of the strict transform of ∆ and any g-exceptional divisor.
To show that a given set of pairs is log birationally bounded, we will mainly use the following theorem which is a combination of results in [HMX13] and [HMX14] . (1) X is a projective variety of dimension n, (2) (X, ∆) is lc, (3) the coefficients of ∆ belong to I, and (4) 0 < Vol(K X + ∆) ≤ V , is log birationally bounded.
The reader can find the definition of the volume of a divisor
In certain special cases it is possible to deduce boundedness from log birational boundedness.
Theorem 2.5. [HMX14, Thm. 1.6] Fix a positive integer n and two positive real numbers δ and ǫ. Let D be a set of log pairs (X, ∆) such that:
(1) X is a projective variety of dimension n,
the coefficients of ∆ are at least δ, and (4) the log discrepancy of (X, ∆) is greater than ǫ.
If D is log birationally bounded then D is a bounded set of log pairs.
Boundedness of Calabi-Yau pairs.
There exists an extensive literature on boundedness properties of varieties, or pairs, with trivial canonical class. Here we recall some of the results on this topic that we will need in the rest of this paper.
A first key result in [HMX14] is the following lemma, which will play a central role in §4. (1) X is a projective variety of dimension n, (2) (X, ∆) is klt, (3) the coefficients of ∆ belong to I, (4) ∆ is a big divisor, and (1) X is a projective variety of dimension n, (2) (X, ∆) is klt, (3) the coefficients of ∆ belong to I, and (4) K X + ∆ is numerically trivial,
Once these results are established, we can even bound the singularities of CalabiYau pairs, by showing the coefficients of Calabi-Yau pairs actually belong to a finite set. (1) X is a projective variety of dimension n, (2) (X, ∆) is log canonical, (3) the coefficients of ∆ belong to I, and (4) K X + ∆ is numerically trivial, then the coefficients of ∆ belong to I 0 .
We will need the following generalization of the above theorem. Let us remind the reader that a pair (X, ∆) is said to be ǫ-lc if the log discrepancy of the pair is at least ǫ.
Corollary 2.9. Fix a positive integer n and a set I ⊂ [0, 1] satisfying DCC. Then there exists a positive real number ǫ = ǫ(n, I) such that any klt Calabi-Yau pair (X, ∆) is ǫ-lc.
Proof. Let us assume that there exist pair (X n , ∆ n ) as in the hypothesis of the statement above and their log discrepancies form a decreasing sequence of real positive numbers with limit 0. By [BCHM10, Cor. 1.4.3] it is possible to extract a divisor of minimal log discrepancy. Then, it is enough to apply Theorem 2.8 to this new set of pairs -whose coefficients still lays in a DCC set, by the choice we made -to obtain a contradiction.
Imposing more conditions on the set of pairs, it is possible to deduce stronger boundedness statements. For example, in [HMX14] , the following result is proved. (1) X is a projective variety of dimension n, (2) the coefficients of ∆ belong to I, (3) the total log discrepancy of (X, ∆) is greater than ǫ, (4) K X + ∆ is numerically trivial , and (5) −K X is ample.
Then D forms a bounded family.
In a similar fashion, Hacon-Xu proved the following result. (1) X is a projective variety of dimension n, (2) (X, ∆) is klt with coefficients of ∆ in I, (3) K X + ∆ is numerically trivial, and (4) ∆ is big.
The above theorems can be thought as a first step towards results predicted by the famous BAB conjecture, which has recently been solved by Birkar. In dimension 2, Alexeev proved a more general statement, which we will use in Section 5.
Theorem 2.13. [Ale94, Theorem 6.8] Fix ǫ > 0. Consider the set of all projective surfaces X with an R-divisor ∆ such that (X, ∆) is ǫ-klt and −(K X + ∆) is nef excluding only those for which at the same time K X is numerically trivial and X has at worst Du Val singularities. Then they belong to a bounded family.
2.4. Lc-trivial fibrations. Since in this paper we deal mostly with Mori fibrations of Calabi-Yau pairs, here we collect some specific results about lc-trivial fibrations which can be applied to our setting. For more details, we refer to [Amb04] and [Amb05] , and to [FG12, Thm. 3 .1] for the case of real coefficients.
Theorem 2.14. Let f : X → Z be a contraction of normal varieties. Suppose that there is an effective divisor ∆ such that (X, ∆) is klt over the generic point of Z and K X + ∆ ∼ f,R 0. Then there exist divisors B Z and M Z on Z such that B Z is effective, M Z is pseudo-effective and
In the rest of the paper we will refer to B Z as the boundary divisor and to M Z as the moduli part of the fibration f .
It is important for induction purposes to be able to control the singularities of the base of a lc-trivial fibration. By a theorem of Birkar, it is possible to do so under some conditions on the singularities of the generic fibre.
Theorem 2.15. [Bir16, Thm. 1.4] Let n be a natural number, ǫ > 0 a real number and let D be a bounded set of pairs. Then there is a real number δ = δ(n, ǫ, D) > 0 satisfying the following: let (X, ∆) be a pair and f : X → Z be a contraction such that
the general fibre F of f is of Fano type, and
It is conjectured in [PS09] that, after passing to a birational model of the base, a fixed power of the moduli part M Z , only depending on the coefficients of ∆, is base point free. In the same paper, the authors prove the conjecture in the special case where the relative dimension of the lc-trivial fibration is one.
Theorem 2.16. [PS09, Theorem 8.1] Fix two positive integers n and r and a DCC of rational coefficients I ⊂ Q ∩ (0, 1). Let (X, ∆) be a klt pair with coefficients in I and assume that there exists an lctrivial fibration f : X → Z with n = dim(X) = dim(Z) + 1 and r(K X + ∆)| F ∼ 0, where F is the generic fibre of f . Then there exist a positive integer m = m(n, r, I) and a birational morphism Z ′ → Z with |mM Z ′ | base point free.
Both the boundary divisor and the moduli part reflect the geometry of the fibration and they can be used to deduce important information about the total space and the variation of the fibres. For example, it is possible to characterize geometrically when the divisors in the canonical bundle formula are trivial. (1) τ is étale in codimension 1, and (2) there exists a non-empty open subset U ⊂ Y ′ and an isomorphism
The above theorem motivates the following definitions.
Definition 2.18. Let (X, ∆) be a klt pair.
(1) Let f : X → Y be a lc-trivial fibration. We say that f is birationally isotrivial if B Y = 0 and M Y ≡ 0. (2) We say that (X, ∆) is of product-type if there exists a birational contraction π : X X ′ such that (X ′ , π * ∆) admits a birationally isotrivial lc-trivial fibration.
Roughly speaking, if (X, ∆) is of product-type then X is birational to a quotient of a product. As we saw in the Introduction, it is necessary to avoid product-type pairs in order to prove log birational boundedness of Calabi-Yau pairs.
In general, we can use the moduli part to measure the variation of the fibres. More precisely, let f : (X, ∆) → Y be a lc-trivial fibration. Then there exists a diagram
where τ is generically finite and surjective, ρ is surjective, f ! is a lc-trivial fibration, and there exists a non-empty open set U ⊆Ȳ such that
x xU where the top horizontal arrow is an isomorphism of pairs.
We define the variation of f to be the dimension of Y ! in the above diagram. By [Amb05, Thm. 3.3], the moduli part M Y ! of f ! is big and nef and τ
In particular, the variation of f is exactly the Kodaira dimension of M Y , that is, the dimension of Y ! .
A structure theorem for Calabi-Yau pairs
We would like to characterize Calabi-Yau pairs which behave like a product of lower dimensional varieties. In this section we prove a structure theorem for Calabi-Yau pairs which is inspired by the following theorem of Kollár-Larsen. 
where π is a projection to a direct factor of X ∼ = X 1 × X 2 and g : X 1 Y is generically finite.
Any run of a K X -MMP on a Calabi-Yau pair (X, ∆) with ∆ > 0 terminates with a Mori fibre space structure. If the base of this fibration is a variety with trivial canonical class then the (X, ∆) is of product-type by Theorem 2.17. Otherwise we can repeat the same procedure on the base of the Mori fibre space.
By iterating this procedure, we can obtain the following description of CalabiYau pairs which is the main result of this section. 
Proof. By [Kol13, Cor. 1.37] we can replace (X, ∆) with a small Q-factorial model, which remains a klt Calabi-Yau pair.
Since ∆ > 0, K X is not pseudo-effective and by Theorem 2.1, we can run a K X -MMP and end up on a Mori fibre space
Note that ∆ ′ = π * ∆ > 0 because we are running a K X -MMP and 
terminating with a Mori fibre space p 1 : Y ′ m → Y 2 . Each step in the above diagram can be completed for X ′ , i.e., there exists a commutative diagram of the form
Once we proved the existence of such diagram, substituting X ′ with X ′ m and Y 1 with Y ′ m , we obtain the result. The existence of the diagram in (2) is a simple application of the so-called two ray game. In fact, it is enough to complete one piece of each square at a time. Since we are running a K Y1 -MMP, each map q i is either a divisorial contraction or a flip. Then the result follows from Lemma 3.3 and Lemma 3.4.
If the boundary divisor and the moduli part on Y 2 are both 0, then we can stop, otherwise we run a K Y2 -MMP and we repeat the procedure just explained. Eventually, this procedure has to stop thus yielding the diagram in (1) Finally, the last claim in the statement is a simple consequence of Definition 2.18.
In the previous proof we used the following two lemmas. 
Since p is a Mori fibre space, we have that dim N 1 (X/Y ′ ) = 2. As ∆ is relatively big, it follows that X/Y ′ is a relative Mori dream space, see [BCHM10] . In particular, Nef(X/Y ′ ) is generated by two relatively semi-ample divisors. One of them corresponds to the contraction X → Y and the corresponding ray is part of the boundary of Eff 1 (X/Y ′ ). Let us denote by H a divisor spanning the other extremal ray of Nef(X/Y ′ ) Let S be the divisor contracted by q, then as p * S sits in the boundary of
and not in the boundary of Nef(X/Y ′ ), the nef cone is strictly contained in the pseudo-effective cone and hence H is big over Y ′ . Then, f is the Iitaka fibration of H and ∆ is given by f * ∆. 
Proof. Let Y → Z be the flipping contraction associated to q. We want to produce a map f that makes the following diagram commute:
As in Lemma 3.3, X is a relative Mori dream space over Z and it is immediate to show that the ray spanned in N 1 (X/Z) by p * K Y is contained in the boundary of the effective cone and there exists an isomorphism in codimension 1, X X ′ such that p * K Y becomes semi-ample/Z. The corresponding variety is nothing but the flip of Y .
We conclude this section with a remark on the differences between rational connectedness and product-type.
Remark 3.5. If (X, ∆) is a Calabi-Yau pair not of product-type then Theorem 3.2 provides the MRC fibration of X. Since the last variety is zero dimensional, we obtain that X is rationally connected. On the other hand, if (X, ∆) is of producttype, Theorem 3.2 does not necessarily provide the MRC fibration because there are uniruled varieties Y with klt singularities and K Y ≡ 0.
Boundedness of Mori fibre spaces
In this section we prove the main technical result needed for Theorem 1.3. More precisely, we show that if we fix a bounded set of varieties D, then the set of Calabi-Yau pairs endowed with a Mori fibre space structure mapping to one of the varieties in D is bounded as well. The strategy is to lift a very ample divisor with bounded volume from the base to the total space, suitably perturb it by means of the boundary and then apply the results from Section 2.2.
The first property that we need to show is that the volume of the boundary in a Calabi-Yau pair is bounded from above, when the coefficients vary in a DCC set. In the following proposition, we show that this property hold in a slightly more general setting that is suitable for the purpose of the inductive method proposed above. (1) X is a projective variety of dimension n, (2) (X, ∆) is klt and the coefficients of ∆ are in I, (3) there exists a morphism f : X → Y with Y not uniruled and a very ample divisor H on Y such that K X + ∆ ∼ R f * H, and (4) ∆ is relatively big over Y . Then there exists a constant k = k(I, n, Vol(H)) such that
Proof. We work by induction on dim Y .
Let us notice the following facts. a) We can assume that X is Q-factorial, by passing to a small Q-factorialization of (X, ∆), since none of the hypotheses in the statement of the proposition, as well as its conclusion, are affected by such change. b) Hence, since X is Q-Gorenstein, then also the generic element of a base point free linear system on X is Q-Gorenstein, by adjunction formula and Bertini's Theorem. In particular this holds true for the generic element of |f * H|. c) Moreover, since K X + ∆ ∼ R f * H and X is Q-Gorenstein, then ∆ is numerically equivalent (over R) to the class of a Q-Cartier Q-divisor.
Let us split now our analysis into two cases. 1, I ) be the number in Theorem 2.7 and let ǫ = ǫ(n − 1, I) be the number in Lemma 2.6. Let F denote the generic fiber of f and let d = deg(H) + 1. Assume by contradiction that there exists a pair (X, ∆) satisfying all the assumptions in the statement of the proposition and such that Vol(X, ∆) > dnM/( ǫ 2 ) n . Fix ǫ/2 < δ < ǫ. By Lemma 4.2 below, we have that
In particular, δ∆ − dF is a big divisor on X and there exists an effective divisor E δ ∼ R δ∆ − dF . Moreover, we can take a suitably small perturbation
is a Q-divisor, it follows that we can choose E ′ to be a Q-divisor as well.
By Lemma 2.6, (X, Φ) is klt over the generic point of Y . We can now apply Theorem 2.14 to obtain effective divisors
We just modify the previous argument. We use the same notation as above.
Assume by contradiction that there exist 6-tuples
isfying all the assumptions in the statement of the proposition and such that Vol(X i , ∆ i ) → ∞. Let ǫ be the minimum of the ǫ j = ǫ(n−j, I) from Lemma 2.6, for any integer j in [0, n]. Moreover, let us fix once and for all a sufficiently general member J i ∈ |H i | such that its counter image G i = f −1 (J i ) on X i satisfies fact b) from the beginning of the proof and moreover such that (G i , ∆ i | Gi ) is klt. To simplify notation, we will use f i to also indicate the restriction of f i to G i . Fix ǫ/2 < δ < ǫ. By Lemma 4.2, we have that there exists 0 < η i ≪ 1 s.t.
for i sufficiently large and since Vol(G i , δ∆ i | Gi ) is bounded by inductive hypothesis: namely, by the facts stated at the beginning of the proof, it is immediate to see that
the volume of H i | Ji is exactly the volume of H i , the coefficients of ∆| Gi belong to a DCC set by [HMX14, §4] . ∆ i | Gi is relatively big by restriction and the fact that G i is sufficiently general in a base point free linear system. Analogously to the previous case, we can take a suitably small perturbation
and there exists and effective divisor E
As above, (X i , Φ i ) is klt over the generic point of Y i and the canonical bundle formula implies that Y i is uniruled.
In the course of the proof of Proposition 4.1 we used the following easy generalization of [Jia15, Lemma 2.5].
Lemma 4.2. Let X be a projective normal variety and let D be a R-Cartier Rdivisor on X. Let S be a base point free Cartier prime divisor on X. Then for any rational number q > 0
Proof. When D is a Q-Cartier Q-divisor on X, then this is the original statement of [Jia15, Lemma 2.5].
When D instead is an R-Cartier R-divisor, then it suffices to choose a sequence of Q-Cartier Q-divisors approximating D in the Néron-Severi group and notice that by virtue of continuity of the volume function the inequality in the statement of the Lemma is preserved in the limit.
We can now use the previous proposition to show that we can produce a very ample divisor with bounded volume on the total space using the one on the base. (1) (X, ∆) is a n-dimensional Q-factorial klt pair, (2) the coefficients of ∆ belong to I, Proof. Let D be the set of pairs (X, ∆) satisfying the conditions in the statement. Since f is a Mori fibre space, δ∆ + f * H is an ample divisor for any δ ≪ 1. By Corollary 2.9 we know that there exists ǫ = ǫ(n, I) > 0 such that (X, ∆) is ǫ-lc. Moreover, since f * H is base point free, we can find an effective divisor H ′ ∼ Q f * H with coefficients bounded away from 0 -and independent of the choice of the pair in D -such that (X, ∆ + H ′ ) is still ǫ-lc by Bertini's theorem for log pairs, cf. [Kol97, Thm. 4.8]. We fix such a choice once and for all for any pair in D. Moreover, by Theorem 2.8 we know that the coefficients of ∆ are uniformly bounded from below. In particular, the coefficients of (1 + δ)∆ + H ′ are still uniformly bounded from below.
Let us fix a sufficiently general element G ∈ |f * H| such that (G, ∆| G + H ′ | G ) is still klt. Again, it is possible to do so by Bertini Theorem and inversion of adjunction. Choosing δ arbitrarily close to 0, we can still assume that we have uniform bound for the discrepancy of (X, (1 + δ)∆ + H ′ ) and the coefficients of the boundary. Note that we are not requiring a uniform choice of δ, so the coefficients of (1 + δ)∆ + H ′ may not be in a DCC set. On the other hand, this is enough to apply Theorem 2.5. Hence, it remains to show that D is log birationally bounded.
By Theorem 2.8 we know that there exists a positive integer c = c(I, dim X) such that all coefficients of the divisor c∆ are ≥ 1 for every pair in D. Let us note
c )) and thanks to Lemma 4.2, we have that
Let π : X → X be a log resolution of (X, ∆ + H ′ ) so that
where E is the reduced exceptional divisor of π. We have the following inequalities for all δ ≪ 1
where the last inequality follows from (3). Note that, if dim(Y ) ≥ 2, the pair (G, ∆ ′ H + f * H| G ) satisfies all hypotheses of Proposition 4.1 by simply applying adjunction formula and using the facts noted at the beginning of the proof of said proposition. In particular, K X + ⌈ ∆ + H ′ ⌉ + E is big and its volume is bounded from above. If dim(Y ) = 1, H ′ is a sum of fibres which are klt Calabi-Yau pairs with big boundary divisor and we obtain the same volume bound by Theorem 2.7. Finally, Theorem 2.4 concludes the proof.
Proof of the Theorems
In this section we prove the results stated in the Introduction.
Proof of 1.8. Combine Theorem 3.2 and Theorem 2.17.
Proof of 1.9. Using [Laz04, Thm. 10.2.4] by Kollár-Matsusaka, boundedness of a family is equivalent to the existence of a Cartier divisor on the total space of the family which restricts to a very ample Cartier divisor with bounded top selfintersection on any variety in that family. In view of this, the result then follows from Theorem 4.3
Proof of 1.3. By Theorem 3.2, X is birational to a tower of Mori fibre spaces
′ is a Fano variety with bounded singularities by Lemma 2.9. Then the result follows from Theorem 2.10. If 0 < dim(Y 1 ) ≤ 3, we deduce boundedness by induction on the dimension using Theorems 1.9 and 1.10.
By Proposition 2.5 in [HX14] , there exists a family (Z, D) → T such that given one of the (X ′ , ∆ ′ ) and for any set of exceptional divisor of discrepancy
, there exists t ∈ T and a birational morphism µ t : Z t → X ′ which extract precisely {E 1 , . . . , E k } and
have discrepancy ≤ 0 with respect to ∆ ′ . In particular, (X, ∆) is birational in codimension one to a pair (Z s , D s ) for some closed point s ∈ T . Then the family (Z, ⌈D⌉) → T satisfies the conditions for log birational boundedness for the set of pairs (X, ∆). And it is enough to take the family (Z, D) to prove the second part of the statement.
Proof of 1.1. For the sake of presentation we divide this proof into four steps.
Step 1. By standard arguments, we can assume that the base X of the elliptic fibration is Q-factorial.
From Corollary 1.4, we know that there exists a small birational map p : X X ′ to a Q-factorial variety contained in a bounded family. In particular, we can assume that there exists a very ample divisor H ′ on X ′ with volume bounded by a fixed constant C. We will denote by H the movable divisor p −1 * H ′ . Let us notice that f * H is movable, since f has a section. Moreover, we can assume that there exists a terminal elliptic Calabi-Yau mani-
Hence, since we are only interested in determining the birational boundedness of elliptic Calabi-Yau with sections, we can just substitute the quadruple (f, Y, X, S) with the corresponding one (f ′ , Y ′ , X ′ , S ′ ), upon remembering that S ′ is just a rational section and not an actual one. On the other hand, by construction, S ′ is a section over the open set where X and X ′ are isomorphic. The complement of this set has codimension at least 2.
By running the (K Y + ǫS)-MMP relatively over the base, we can also assume that S is relatively ample.
Step 2. In the above situation, S is a normal variety with klt singularities. By inversion of adjunction [Kaw07] , it is enough to show that (Y, S) is a plt pair. That is to say that the pair (Y, S) is log canonical and that S is the only lc center of such pair. Let us consider the normalization of S, ν : S ν → S. On S ν there is a naturally defined divisor, which we will denote by Diff(0), such that K S ν +Diff(0) = ν * ((K Y + S)| S ). In particular, K S ν + Diff(0) is relatively big and nef over X. Since S is a section for f over an open set in X whose complement has codimension at least 2, it follows that (f • ν) * Diff(0) = 0. Negativity Lemma [KM98, Lemma 3.39] hence implies that
where E is an effective divisor exceptional over X. This in particular implies that the pair (S ν , Diff(0)) is klt, since (X, 0) is. Hence, by inversion of adjunction, S is the only lc center of the pair (X, S) which automatically implies that S is normal.
Step 3. Let us choose a general member G ∈ |f * (2n + 2)H|. Then the Cone Theorem [KM98, Theorem 3.25] implies that K Y + S + G is ample.
Lemma 5.1. In the above situation, there exists a constant
Proof. By the differentiability of the volume [LM09] , we have that
where to establish the equality above we used the fact that (K Y + S)| S = S| S ∼ K S as proved in Step 2 and the fact that S is a section of the fibration. To complete the proof then it is enough to notice that
The last statement follows from Theorem 2.4. This completes the proof of the lemma.
Step 4. Since Y is terminal, (Y, S) is plt, G is a general element of a base point free linear system and discrepancies are linear functions of the divisorial part of a pair, the pair (Y, 1/2(S + G)) is 1/2-klt. Theorem 2.5 implies that Y belong to a bounded family. Note that we are working on the model where S is relatively ample and we may have contracted some divisors while running the minimal model program at the end of Step 1. On the other hand, we can extract all of them in family as in the proof of Theorem 1.3. The original elliptic Calabi-Yau is isomorphic in codimension 1 to a fibre of that family. Proof of 1.6. The result on the effective non-vanishing of |m(K X + ∆)| follows from birational invariance of h 0 (O X (m(K X +∆))) in the Calabi-Yau case and noetherian descent, after applying Theorem 1.3.
In the second part of the proof of Theorem 1.3, we have shown that any of the (X, ∆) is isomorphic in codimension one to one of the fibers of a pair (Z, D) → T over a finite type base T . Moreover, we can assume that these fibres of the family are Q-factorial, as we can always pass to a small Q-factorialization of X before applying Theorem 3.2. By substituting T with the closure of the set of points t ∈ T above which are the fibers birational isomorphic to the pairs (X, ∆), we can then assume that these fibers are also Zariski dense. In view of these observations, it is enough to show that the Picard ranks of the fibers of (Z, D) → T are bounded. This is proven in Proposition 2.8 of [HX14] . Let us notice that although Hacon and Xu assume in the statement of the proposition that the generic fibre of the family is a variety of Fano type, they explain in the proof that in order to obtain the isomorphism N 1 (Z/T ) → N 1 (Z t ) on a Zariski dense set, it is enough to assume that the generic fibre is Q-factorial and
Calabi-Yau pairs of non-product type are rationally connected by Remark 3.5 and have rational singularities, hence the vanishing of H 1 (Z t , O Zt ) follows at once by Corollary 3.8 of [Kol96] . By the explanation in the previous paragraph we can assume that the generic fibre of the family is Q-factorial. Hence it suffices to apply Noetherian induction to obtain a finite number of possibilities for the value of the Picard number.
Proof of 1.4. Let π : Y → X be an elliptic fibration which is not birationally isotrivial. By Theorem 3.2, there exists a birational map X X ′ , where X ′ is a Mori fibre space. We claim that X ′ is the base of an elliptic Calabi-Yau. We proceed as in the proof of the structure theorem. We need to complete the square for each step of the minimal model program. If X → X 1 is a divisorial contraction then we just consider the composition Y → X 1 . If X X 1 is a flip, let H 1 be an ample divisor on X 1 and let H be its pullback on X. Since H is big and Y → X is an elliptic fibration, we know that π * H has Kodaira dimension n − 1. Moreover, it is abundant because ν(π * H) cannot be maximal and the numerical dimension is always larger than the Kodaira dimension. By Theorem 4.3 in [GL13] , we have that E(X s ) is constant over U as well. By noetherian induction, it follows that we obtain only a finite number of stringy E-functions from the fibers of X → T .
Let X be a smooth elliptic Calabi-Yau with a section. By Theorem 1.1, X is K-equivalent to X s for some s, and Theorem 2.7 in [Vey01] implies that they have the same E-function. In particular, there are finitely many possibilities for the Efunction of an elliptic Calabi-Yau with a section. Hodge numbers are precisely the coefficients of those functions and thus, they are uniformly bounded. See [Vey01] for more details. Let X be the set of pairs (X ′ , ∆ ′ ) satisfying
(1) there exists a n-dimensional generalized klt pair (X → X ′ , ∆ ′ , M ), (2) the coefficients of ∆ ′ belong to I, pM is Cartier, In what follows we will need the following theorem of Birkar which is one of the fundamental tolls in the proof of 2.12. Then there exists a constant k = k(I, n, p, ǫ, Vol(H)) such that
Proof. We will denote by F a general fibre of f . The pair (F, ∆ F := (∆ ′ + M ′ )| F ) is ǫ-lc and K F + ∆ F ∼ R 0. In particular, F belongs to a bounded family, by 2.12. Let us also fix m dim F,ǫ = m(dim F, ǫ), s dim F,ǫ = s(dim F, ǫ) the two natural numbers defined at the beginning of the section for the general fiber of f .
We can assume that X ′ is Q-factorial by passing to a small Q-factorial modification as that does not alter any of the hypotheses in the statement of the proposition.
We work by induction on dim Y . dim Y = 1 When Y is a curve, let t = t(dim F, r ′ , ǫ) the number from Theorem 7.2. Let h = deg(H) + 1. Assume by contradiction that there exists a pair (X, ∆) satisfying all the assumptions in the statement of the proposition and such that Vol(X ′ , ∆ ′ + M ′ ) > hnr ′ /( t 2 ) n . Fix t/2 < δ < t. By Lemma 4.2, we have that
In particular, δ(∆ ′ + M ′ ) − dF is a big divisor on X and there exists and effective divisor E Moreover, let us fix once and for all a sufficiently general member J i ∈ |H i | such that its counter image G i = f −1 (J i ) on X i satisfies G i is Q-Gorenstein. Let t be the minimum of the t(j, s j,ǫ , ǫ), for j ∈ (0, n] from Theorem 7.2. Fix t/2 < δ < t. By Lemma 4.2, there exists a positive integer i 0 = i 0 (n, ǫ) such that for every i ≥ i 0 Remark 7.4. From the point of view of the previous proof there seems to be quite a few points where the strategy could be improved if we had a better knowledge and understanding of the features of generalized pairs.
Vol(X
For example, it would be nice to show that it is possible to write down a canonical bundle formula for generalized pairs that would make it possible to drop hypothesis (3) on the existence of an effective member of the linear system |M | with bounded singularities.
Perhaps one should not quite expect to have exactly the same type of canonical bundle formula as in the classical setting of Ambro, cf. [Amb04, Amb05] . Nonetheless for the purposes of the above proof, it would be enough to know that for a generalized klt pair (X → X ′ , ∆ ′ , M ) and a morphisms f : X ′ → Y such that K X ′ + ∆ ′ + M ′ ∼ f,R 0, there exists a klt pair (Y, Γ) and a pseudo-effective divisor P for which
Proof of Theorem 7.1. As the proof is very similar to that of 4.3, we only indicate where we need to adjust the strategy to the case of generalized pairs and cite the needed statements. Let us consider the generalized pair
where H is the pullback of H to X.
which implies that the degree of D with respect to −m d,ǫ K X is bounded from above by
Remark 7.6. Since by 2.12 ǫ-lc Fano varieties are bounded and so are their Picard numbers, it is easy to see that the result in Theorem 7.5 readily follows also from the main theorem of [BMSZ16] when −(K X + ∆) is nef. Moreover, exactly the same proof would work for Calabi-Yau pairs, once it is proven that they are bounded in codimension 1.
